We study by numerical methods a particular kind of SU(N) Yang-Mills solutions of the Euclidean equations of motion which appear on the torus when twisted boundary conditions are imposed. These are instanton-like configurations with the peculiarity of having fractional topological charge. We focus on those solutions with minimal non-trivial action S = 8π 2 /N and extract their properties in a few different cases, paying special attention to the N → ∞ limit.
Introduction
Quite some time ago 't Hooft [1] pointed out some very special features which arise while formulating gauge theories on a torus (a review can be found in reference [2] ). They are related to the freedom in choosing boundary conditions for the gauge potential: since only local, gauge invariant quantities are required to be periodic, periodicity of the gauge potential has to be satisfied only up to a gauge transformation. Under displacement of the gauge potential by a torus period l ν in directionν
with Ω ν (x µ =ν ) SU(N) matrices, also known as the twist matrices. The choice of such matrices is arbitrary up to a consistency condition derived from the requirement of singlevaluedness of the gauge potential. Built in two ways from A µ (x ν , x ρ ) (through A µ (x ν +l ν , x ρ ) and A µ (x ν , x ρ +l ρ )) single-valuedness for A µ (x ν +l ν , x ρ +l ρ ) implies
with n µν a gauge invariant antisymmetric tensor of integers, defined modulo N and independent of x (this twist factor is allowed due to the invariance of A µ under a gauge transformation with an element of the center Z Z N of SU(N)). Indeed, the actual choice of the twist matrices is irrelevant and only the consistency conditions given by n µν matter.
Whenever n µν = 0 (mod N), for some µ, ν, we say the boundary conditions are twisted.
The twist is reflected in a gauge invariant way through the non-trivial periodicity of the Polyakov loops, defined on the torus as
with γ µ(a,b) a straight line in the positive µ direction starting at a and ending at b and x ′ the border of the torus patch. Periodicity holds only up to the twist factors, i.e.
With twisted boundary conditions the topological charge Q is no longer necessarily an integer:
κ is associated to the matrix of integers (n µν ) through
with k i = n 0i , n ij = ǫ ijk m k . The mathematical proof of this relation for the topological charge can be found in [3] . Then Q is fractional and proportional to 1/N whenever k · m = 0 modulo N (non-orthogonal twist). This implies, through Schwarz-inequality, that the action of any configuration is bounded from below by
with the bound saturated for self or anti-self dual configurations (F µν = ±F µν ). It is clear that whenever κ = 0 (modulo N) there is an obstruction for zero-action configurations.
Minimal action is attained in such cases if |ν − κ/N| = 1/N with S = 8π 2 /N. These are in fact the kind of solutions we will describe in this paper.
Some of these fractional charge solutions have already been found either analytically or numerically. 't Hooft has explicitly constructed non-abelian solutions with constant field strength which turn out to be (anti-)self-dual whenever the sides of the torus satisfy certain relations (see [4] for details or the appendix at the end of this paper). There are also a few numerical studies of solutions with non constant field strength. The first one is presented in reference [5] and it is obtained there the fractional charge solution with |Q| = 1/2 and S = 4π 2 for the SU(2) group, on a L 3 × T torus with T ≫ L and satisfying twisted boundary conditions given by the twist vectors m = (1, 1, 1) and k = (1, 1, 1). A full parametrization of the field strength F µν , and of the gauge field A µ for this solution is presented in reference [6] . Another SU (2) solution is presented in [7] , in this case the fractional charge solution with |Q| = 1/2 and S = 4π 2 , on a torus L 2 × T 2 with T ≫ L and satisfying the appropriate boundary conditions to have the properties of a vortex. The same kind of solution for the SU(3) group, with |Q| = 1/3 and S = 8π 2 /3, is presented in reference [8] , and the generalization to SU(N) group with N > 3 can be found in [9] . In this article we present a numerical study of SU(N) solutions, with charge |Q| = 1/N and action S = 8π 2 /N, and living on a L 3 × T torus with T ≫ L. Some preliminary results have been presented in [10] .
These configurations are interesting by itself from a mathematical point of view, and physically interesting for their possible relevance in low energy phenomena like the confinement property or the breaking of the chiral symmetry. As has been pointed out in [4] these solutions may play a role in the properties of the theory in the limit of large number of colors, N. One of the arguments to question the contribution of instantons to long-distance phenomena as confinement is based on the large N expansion [11] . Any instanton mediated interaction is suppressed by the semi-classical factor exp(−8π 2 /g 2 ), since the large N limit is achieved while keeping g 2 N fixed, integer charge instantons are (at least in the dilute gas picture) naively suppressed by exp(-N). The argument no longer holds for twisted instantons with action 8π 2 /N. Another interesting point is the possible relation between the center vortex picture of confinement, proposed in [12] and now being investigated [13] [14] [15] [16] [17] , and fractional charge solutions. As have been pointed out in [7] [8] [9] , it is possible to built vortex configurations in R 4 from solutions of the Yang Mills equations of motion in T 4 . We also want to mention the model of confinement based in fractional charge objects presented in reference [18] , and some favourable results shown in [19] .
The paper is structured as follows. In section two the numerical method to obtain the solutions is briefly described. We will be interested in solutions living on a L 3 × T torus with T ≫ L which, in the limit T → ∞, represent vacuum to vacuum tunneling. The analysis will be restricted to spatial twist m = (1, 1, 1). Section three presents a detailed analysis of these solutions. Our conclusions are presented in section four. Finally, we include an appendix with the analytic solutions obtained through 't Hooft construction.
Their relation with the cases we have studied is discussed through the text.
Numerical minimization of the action
To generate numerically the minimal action configurations we follow the method which has allowed to successfully extract these kind of solutions for other sizes of the torus and values of the number of colors in references [5] [6] [7] [8] [9] [10] . We use the standard discretization of Yang-Mills theories on the lattice [20] . We work on N The lattice action used is the Wilson action,
where µ and ν specify directions (from 1 to 4) andμ ,ν are unit vectors along the corresponding direction, n µ = 1, ..., N µ .
The link variablesÛ µ (n) satisfy the (twisted) boundary conditions,
where
and Ω µ are the twist matrices with consistency condition,
It is possible to make a change of variables
such that the new link variables are strictly periodic. In terms of the new links
where Z µν (n) ∈ Z Z N take the values: Z µν (n) = 1 for all plaquettes except the one at the top-right corner in the (µ, ν) plane which is equal to Exp(−2πin µν /N).
The strategy to obtain the solution is minimize the lattice action with respect to the variable U µ (n) (this minimization procedure is usually known as cooling). We use the Cabibbo-Marinari-Okawa algorithm [21] in which each link variable is updated in the way:
, where A is a SU(N) matrix built from a SU(2) matrix a which is embedded into one of the N(N − 1)/2 subgroups of SU(N). Once we obtain the matrix a minimizing the new action S W (AU µ (n)), we update the link variable U µ (n), and repeat the procedure for all the N(N − 1)/2 subgroups of SU(N) and for all lattice sites. This constitutes one cooling sweep. We iterate this procedure up to we obtain that the Wilson action is stable with a given precision (in this work, the eight relevant digit) and close to the value of the expected continuum action: S = 8π 2 /N.
The solutions
As mentioned in the introduction, we are interested in solutions with minimal non-trivial action,
, with T ≫ L. When T → ∞ these solutions represent vacuum to vacuum tunneling.
We have restricted our analysis to the following non-orthogonal twist tensors:
1. Spatial twist, always m = (1, 1, 1).
Temporal twist, two cases:
• k = (1, 0, 0) for N = 3, 4, 5, 8, 10 the solution is in this case anti-self-dual,
• k = (n, n, n) for N = 3n + 1 = 4, 7, 10, 13, 19, 25 the solution is here self-dual,
A list of all the lattices analyzed is presented in Table 1 .
From the lattice configurations we can easily derive information concerning continuum quantities. Part of it can be extracted in a gauge invariant way, such is the case for instance of the eigenvalues of the field strength or the Polyakov loops. However to derive information concerning the gauge potential gauge fixing is needed.
The continuum field strength tensor is extracted, up to O(a 2 ), from the clover average of the plaquette:
-6 ? r r r r (14) through
In terms of the gauge fixed links the gauge potential is,
The Polyakov loops L µ (x) are simply given on the lattice by the ordered product of the µ-links corresponding to the path γ µ (x) in Eq. (3).
Non-gauge invariant information about the configurations will be presented in the temporal gauge: A 4 = 0. In addition we fix A i (t = −∞) = 0 which is allowed because in the T → ∞ limit fractional instantons describe vacuum to vacuum tunneling. In this gauge
with Ω 4 the temporal twist matrix, and the spatial twist matrices are constant. This is not yet a complete gauge fixing, we still have the freedom to make a global gauge transformation and also to multiply the twist matrices by an element of the center of the group. We have made use of the global gauge transformation to bring the spatial twist matrices to a particular form. An explicit construction of constant spatial twist matrices compatible with the twist m = (1, 1, 1) can be easily found, following 't Hooft [4] :
with p an integer number taking values p = 1, 2, ...N, and P, Q the matrices,
where φ n = exp(i2πn/N) with n = 0, 1, ..., N − 1.
The invariance under multiplication by an element of the center of the group is fixed by imposing that the Polyakov loops take the value Ae iπ at the position where the energy density of the solution is maximal.
On the lattice the A 4 = 0, A i (t = −T /2) = 0 gauge is implemented by transforming the corresponding link variables to the identity. The gauge transformation, ω(n), which implements the change, is constructed in the following way: choose a point in the time slice t = −T /2, i.e. n 0 = (n t = 1, n 0 ); ω(n) is the product of the link variables along a certain path connecting n 0 with n = (n t , n x , n y , n z ). In particular we choose n 0 = (1, 1, 1, 1) and the path such that it reaches the point n first in the x direction up to n x , then in the y direction up to n y , in the z direction up to n z and finally in the t direction up to n t . In this gauge the information about the twist matrices is encoded in the links U 0 (n t = N t ), 
SU ( 
, the latter are rotated to the form indicated in Eq. (17) .
Gauge-invariant quantities
1. Global quantities. In Table 1 we give the values obtained for the action S, electric and magnetic parts of the action, S e and S b respectively, and topological charge Q:
where E i = F 4i and The first thing we should check is the scaling of the solutions. Without loss of generality we set the spatial length to l s = 1, being then the lattice spacing a = 1/N s . To see how the continuum limit a → 0 is approached we vary the lattice spacing while keeping all other parameters fixed (among them the ratio N t /N s ). We fit the N and a 2 dependence of the action to the expression SN/8π 2 = 1 − ∆a 2 /(N √ N) and obtain that for the value ∆ = 8.893 the data in table 1 are well described with errors smaller than the 0.2% . From this fit we understand how the continuum limit is approached for any value of N, and also that the N dependence is such that the lattice corrections decrease with increasing N.
This property will be discussed further later on, it implies that for large N we can obtain good continuum results already on rather coarse lattices, this is a rather general property which, as we will see, affects other quantities apart from the integrated action and charge densities.
Energy profile.
The energy profile, defined as
is located on a region of size ∼ N/3 and has only one maximum for all values of N up to N = 13 (instanton profile) and a double peak structure for the values N = 19, 25. In
Figures 1a and 1b we show the scaling with the lattice spacing for the solutions with N = 3
and N = 19. We can see that points coming from lattices with different sizes describe very similar curves, scaling towards the same continuum function.
For values of N up to N = 13 , ǫ(t) is well fitted by
The values obtained for the parameters A, B, C, w are given in table 2. For the values N = 19, 25 we fit to the expression (φ(t − t 0 ) + φ(t + t 0 ))/2 and also in table 2 we give the results of these fits.
The N dependence is such that 1d. We also plot in figure 1d the energy profile for the abelian solution described in the appendix (equations 51,53 and 54). We plot N 2 ǫ(t) = 24π 2 for the values of t/N between t/N = −1/6 and t/N = 1/6. This is the profile for the selfdual abelian solution in the N → ∞ limit. We can see that the energy profiles of the solutions with k = (n, n, n) are approaching the one of the abelian solution in the N → ∞ limit.
3. Action density. Defined as,
For values of N up to N = 13, the action density has only one maximum what we will call the center of the instanton. We fit the center and their first nearest neighbours to the expression,
where S 0 is the height, x 3 . In both cases, the errors are obtained from the difference between the same quantities calculated for the electric and magnetic part of the action. We can see that with increasing N all maximum become spatially flat. In fact, this is a general and important property of the solutions; when N is large some quantities, among them the action density, are spatially independent. In particular this implies that all the coordinate dependence of the action density comes through the time dependence of the energy profile ǫ(t) defined above. This fact allows to easily understand the decrease of the lattice artifacts with increasing N since generally constant fields give rise to a much smoother, continuum-like, behaviour. . To compare we plot on figure 2b the first eigenvalue for the abelian solution in the N → ∞ limit, the value 2π for the interval −1/6 ≤ t/N ≤ 1/6. We see that the first eigenvalue of B i for the solutions with k = (n, n, n) are approaching the one of the abelian solution in the N → ∞ limit.
The symmetry properties of the spatial twist vector m suggest us to consider the following combinations of B i fields,
one parallel to the m vector and the other two perpendicular. Also interesting is that, if there is a common component in color space for B i fields, we will see this component appearing in B 0 and not in B L and B T .
In figure 2c we show the first, second and N th eigenvalues of N × B 0 as a function of t/N for the same solutions appearing in figure 2b (with the same meaning for points and error bars). We observe the same structure seen in B i and the expected property if there is one common component in color space, the dominant eigenvalue is bigger than the one for B i . We can also observe that this eigenvalue of N × B 0 is approaching to the shape of the one for the abelian selfdual solution in the N → ∞ limit, in this case 2π √ 3.
In figure 2d we show the first, second, (N structure is completely different to the ones shown before. In this case the eigenvalues are distributed in pairs, each pair with two opposite values. Another interesting property is that at t/N = 0 the eigenvalues go to zero very fast for large N, being B 0 the only one non trivial in this limit.
5. Colour orientation of the field strength. This is studied by calculating the commutators of B i 's fields. We show in Figure 3a To study the abelian content of F µν we calculate the quantity:
Whenever cos 2 (α ij ) = 1 the solution is abelian. In Figure 3b we plot cos 2 (α 12 ) as a function of t/N for the solutions with N = 4, 7, 10, 13, 19, 25 and k = (n, n, n). As in other figures, the points mean the spatial average of the quantity and errors the spatial dispersion. For large N the solutions become abelian at the instanton center (t=0). cos 2 (α ij ) shows again x independence for large N.
For the solutions with k = (1, 0, 0) we obtain the same behaviour near the instanton center, but for T → ±∞, cos 2 (α ij ) goes towards a N depending constant.
6. Polyakov Loops and structure of vacuum. In the gauge we have chosen the relationship between the Polyakov loops and the twist matrices is specially clear. We have A 4 = 0 and hence the temporal Polyakov loop directly provides the twist matrix Ω 4 ( x). At t = −∞ A i is also fixed to zero and in consequence
Since the spatial twist matrices are constant, compatibility with the spatial boundary conditions for m = (1, 1, 1) (see Eq. (4)), implies that NL µ (t = −∞) = Tr(L µ (t = −∞)) = 0.
From the boundary conditions in the time direction:
it is clear that also at t = ∞ the spatial Polyakov loops are zero. To characterize the vacuum states between which the configurations interpolate we need thus an additional
Using the twist matrices given in Eq. (17) the values for L zyx in a vacuum are,
where p takes the values p = 1, ..., N. There are therefore N different vacua labeled by the value of L zyx . Our solutions interpolate between two of them as can be seen from the boundary condition in the time direction for L zyx : We can parametrize the data obtained for
note that with the gauge fixing condition for the Polyakov loops those functions take the values: α 0 = π, α i (t = 0) = π ( r = 0 is the maximum of the solution).
For L i we make a fit at each temporal point to the spatial dependence of equation 31.
The values of χ 2 /N s 3 obtained for the solutions with temporal twist vector k = (n, n, n) 
the values of B and w are given in table 4.
The functions f zyx , α We compare our results with the Polyakov loops for the abelian selfdual solution described in the appendix,
where −T /2 ≤ t ≤ T /2 and −0.5 ≤ x i ≤ 0.5. We can see that the Polyakov loops in the N → ∞ limit for the solutions with k = (n, n, n) are the same as the ones for the abelian selfdual solution.
3.2 Gauge-dependent quantities In figure 4a we show how the eigenvalues of A 1 scale towards the continuum limit. We plot these quantities for the solutions with N = 7, temporal twist vector k = (2, 2, 2) and lattice sizes 3 . We can see that the first eigenvalue of A 1 is approaching the one of the abelian selfdual solution in the N → ∞ limit.
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As for B i fields, we consider the following combinations of A i fields,
In figure 4c we show the first, second and N th eigenvalues of A 0 for the same solutions appearing in figure 4b (points and error bars have the same meaning as before). We observe that the eigenvalue structure is the same one seen for A 1 and the expected result if there is a common component in color space for A 1 , A 2 and A 3 , the first eigenvalue of A 0 is bigger than the first one for A i . We also show the first eigenvalue of A 0 for the abelian selfdual solution in the N → ∞ limit, in this case the function 2π
) for points
. The first eigenvalue of A 0 is approaching the one of the abelian selfdual solution in the N → ∞ limit.
In figure 4d we show the first, second, (N − 3. Twist matrix Ω 4 . The temporal twist matrix behaves very differently depending of the temporal twist used. Note that their trace is the temporal Polyakov loop given before.
We study their eigenvalues and obtain the following. For temporal twist k = (n, n, n) we fit the eigenvalues to the expression:
This expression was obtained from the numerical data for the eigenvalues of the twist matrix Ω 4 . This is a good parametrization for all values of N studied (N = 4, 7, 10, 13, 19, 25) and the fits to this expression are better for bigger values of N. The interesting point is that this expression for the eigenvalues is the one for the eigenvalues of the twist matrix Ω 4 given in 54 for the abelian solution described in the appendix.
For temporal twist k = (1, 0, 0) we obtain for large N that the eigenvalues only depend on the x 1 coordinate, but we have not found a good parametrization in this case.
Conclusions
In For each value of N and twist we always obtain the same solution up to a gauge transformation and a spatial translation. This means that we can repeat the procedure to obtain another configuration and the differences observed will be a gauge transformation and a spatial translation.
The main characteristic of the solutions are the following
• The obtained solutions are selfdual or antiselfdual in all the studied cases. We observe numericaly that this property is satisfied with a very high precision. This guarantees that these configurations are solutions of the equations of motion.
• The size of the solutions is approximately N/3. By size we understand the length of the region in the temporal direction in which the core of the solution is included. We can see this property in all quantities shown in section 3. For example, we can look at the energy profile and check that the most relevant part is located in a region of size ∼ N/3. Also in the same region the eigenvalues of the field strength take their maximum values and go to zero out of this zone. We can say similar assertions for all quantities calculated in this paper.
• The action density has only one maximum for values of N ≤ 13 and a double peak structure for bigger values. The spatial dependence of the action density disappears with increasing N being only dependent of the temporal coordinate.
• The orientation of the field strength • In the N → ∞ limit one eigenvalue gives the most important contribution to some quantities calculated in this article. In this limit, each component of the field strength F µν has one eigenvalue which is approximately N times bigger than the other N −1
eigenvalues. This property also holds for each component of the gauge field A µ .
• Independence of the temporal twist vector k for some of the calculated quantities.
This is an N independent property which holds when the length in the temporal direction goes to ∞. This property can be seen, for example, in the field strength F µν ; if we change the temporal twist vectors used, k 1 = (1, 0, 0) and k 2 = (n, n, n) we obtain that B
. A similar property is held for the gauge field, under the change of the twist vectors we obtain the relation A
We have not succeeded in finding an analytic expression describing the properties of the studied solutions. Obviously, the first requirement for an ansatz prepared to find the analytical expression is that this ansatz satisfies the previously shown properties. The most promising approach seems to be an ansatz based on the similarity of the solution in the large N limit with the abelian solution presented in the appendix. Nevertheless, if the solutions in this limit coincide with the abelian solution, something singular must happen at points |t/N| = 1/6, being therefore not ease to use this similarity to find the analytic expression. To conclude, we hope that all the numerical data presented will be helpful for other attempts to find the analytical expression of the solutions presented in this paper.
A. Analytic solutions.
't Hooft construction. The A µ and F µν fields are built from a diagonal matrix T, in the following way
where α µν is an antisymmetric tensor and l µ the length of the torus in the µ direction. The matrix T has the form,
being k and l integer numbers (k + l = N). To build the twist matrices we use the P and Q matrices defined in equation 18 . From these matrices we construct another set of matrices,
satisfying the properties,
And the ansatz for the twist matrices is,
where s µ ,t µ ,u µ and v µ are arbitrary integer numbers. These matrices must satisfy the consistency condition,
This condition imposes the following equations for s µ ,t µ ,u µ and v µ
where A µν and B µν are integer numbers. To solve these two equations we give to α µν and n µν the form,
and then equations in formula 44 are transformed to, n (1) µν = t µ s ν − t ν s µ + kA µν ; n 
The n (1) µν and n (2) µν tensors are orthogonal twist tensors for a SU(k) and SU(l) group respectively.
The topological charge for these solutions is,
where we have defined the vectors k i (n) = n 0i (n) , m i (n) = ǫ ijk n jk (n) /2, with n = 1, 2.
Some examples. Now we give some examples of solutions built using 't Hooft construction, and for the torus lengths used in this article: l x = l y = l z = 1 and l t → ∞. In fact, our examples will be given for any value of l t . The topological charge in our examples is given by equation 48 and the action by the following equation,
.
The minimum value for the action, S = 8π 2 |Q|, is obtained when the solution is selfdual or antiselfdual. This condition imposes a value for the temporal length l t , obtained solving the equation, k The topological charge for this solution is Q = 1/N and it is selfdual when l t = n. Changing the gauge. Now we change the gauge for one of the solutions described before to the gauge used in section 3. We choose the solution given in example 1. In this case
µν = n µν and n 
we remember that the torus lengths were l x = l y = l z = 1 and l t can take any value, and the twist vectors were m = (1, 1, 1) and k = (n, n, n), with N = 3n + 1. The action and the topological charge take the values, S = 8π The gauge used in section 3 is: A 4 = 0 and A i (t = −∞) = 0. For our example we can not use the same gauge because t is finite and F µν = 0 for any value of t (this is the condition needed to put A i (t) = 0 at some point t). The most similar gauge condition is the following one, Finally, we give the value of the Polyakov loops for this example,
n µν x ν l ν note that this quantity is gauge invariant and could be calculated with the two different A µ given before, obtaining the same result.
